We investigate the phase diagram of quantum gravity with a vertex expansion about constantlycurved backgrounds. The graviton two-and three-point function are evaluated with a spectral sum on a sphere. We obtain, for the first time, curvature-dependent UV fixed point functions of the dynamical fluctuation couplings g * (R), µ * (R), and λ * 3 (R), and the background f (R)-potential. Based on these fixed point functions we compute solutions to the quantum and the background equation of motion with and without Standard Model matter. We have checked that the solutions are robust against changes of the truncation.
I. INTRODUCTION
Modern theoretical physics is built upon two pillars, namely quantum field theory and general relativity. Theories of quantum gravity aim at the unification of gravity with quantum dynamics. A candidate for a quantum theory of gravity is the asymptotic safety scenario, which goes back to Weinberg's idea in 1976 [1] . Its construction is based on a non-trivial ultraviolet fixed point in the renormalisation group flow. The fixed point of asymptotic safety implies coupling constants that are finite at arbitrarily high energy scales, while they depend only on a finite number of free parameters. Hence, an asymptotically safe quantum field theory does not necessarily have a scale of maximal validity and thus can potentially describe physical interactions at the most fundamental level. The possibility of an interacting ultraviolet fixed in quantum gravity attracted increasing attention over the last two decades. Beginning with the pioneering work by Reuter [2] , good evidence for its existence was found in pure gravity setups as well as in systems with gravity coupled to gauge and matter fields . For reviews see [71] [72] [73] [74] [75] [76] .
Most studies on asymptotically safe quantum gravity are based on the functional renormalisation group (FRG), [77] and [78, 79] . In its modern form as a flow equation for the effective action Γ[φ] of the theory it constitutes a powerful method for non-perturbative calculations in continuum quantum field theory. Here φ is a super-field that comprises all fields in the theory. This formulation, as all formulations based on metric correlation functions, demands the introduction of a background metricḡ µν and a corresponding fluctuation field h µν . Inevitably, correlation functions as well as the effective action depend separately on these fields. Note however, that it is the correlation functions of the fluctuation field that carry the dynamics of the system. Indeed, the flow equation for the effective action is directly proportional to the two-point function (propagator) of the fluctuation field in a general background. Phrased differently, the solution of the flow equation requires the knowledge of two-point and higher correlation functions of the fluctuation field. This already entails that the correlation functions of the background field and mixed correlations of background and fluctuation can only be constructed on the basis of the pure fluctuation field correlations. More details on these important relation and a brief overview of the current state is provided in Sec. II.
Our setup is detailed in Sec. III A and allows for the computation and the distinction of the background and quantum equation of motion (EoM). We argue that these equations have a common solution at a vanishing infrared FRG cutoff scale k = 0 due to background independence. In turn, the solutions to the background and quantum EoM do not agree at a finite cutoff scale k = 0, which signals the loss of background independence in the presence of the FRG-regulator. This is also seen in our explicit computations at the ultraviolet fixed point. We further argue that the quantum EoM, and not the background EoM, should be used to determine the self-consistent background at finite k.
Solutions to the background EoM appear as minimum in the background potential f (R)/R 2 , which we compute for the first time from the dynamical backgrounddependent fluctuation couplings without a background field approximation. In the present work we compute the ultraviolet fixed point background potential f * (R). Interestingly, in the pure quantum gravity setting we do not find a solution to the background EoM, while a solution appears at small positive curvature for Standard Model matter content. The quantum EoM on the other hand has a solution also in the pure quantum gravity setting.
This work is organised as follows: In Sec. II we discuss the importance of background independence and its manifestation in the current framework. This includes a brief overview and description of the results obtained in the literature. In Sec. III A we introduce the FRG with a particular focus on the background and quantum EoM and the Nielsen identity that relates them. We furthermore introduce the vertex expansion used in this work. In Sec.IV we construct an approximate momentum space on spherical curved backgrounds. This allows us to use previously developed techniques that were based on running correlation functions in momentum space. In Sec. V we present our results, which include the non-trivial ultra-violet fixed point functions for the dynamical couplings as well as a detailed discussion of the background and quantum EoM. In Sec. VI we summarise our results. The technical details are specified in the appendices.
II. BACKGROUND INDEPENDENCE IN QUANTUM GRAVITY
Most applications of the FRG to quantum gravity to date do not resolve the difference between background and fluctuation field and employ the background field approximation. There only one metric g µν =ḡ µν + h µν is used in the effective action. However, the non-trivial interplay of the metric fluctuations with the background plays a decisive rôle for background independence of the theory. These non-trivial relations are governed by nontrivial split-Ward or Nielsen identities (NIs), see e.g. [15] [16] [17] [80] [81] [82] [83] [84] [85] [86] [87] [88] for formal progress and applications in scalar theories, gauge theories and gravity. Accordingly, the background field approximation violates the NIs, which leads to the seemingly contradictory situation that it is at odds with background independence even though it only features one metric. In the past decade quite some progress has been made in overcoming the background field approximation, see [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [80] [81] [82] [83] [84] [85] [86] [87] [88] .
A. Approaches to fluctuation and background correlation functions
All these works should be seen in the context of gaining background independence and physical diffeomorphism invariance in asymptotically safe gravity. Here we briefly summarise the state of the art within the different approaches.
(1) One approach utilises the fact that the NIs relate background metric correlations to fluctuation ones. This leaves us with a system of one type of correlations and it is possible to solve the system of flow equations for fluctuation correlation functions either directly or implicitly. This strategy has been set-up and pursued in [15] [16] [17] [80] [81] [82] [83] [84] [85] [86] [87] [88] for generic theories within the background field approach. At present, applications in gravity still utilise the background field approximation beyond either the first order, or the second order in the fluctuation field [15] . Such a closure of the flow equation with the background field approximation is mandatory and all approaches aim at introducing this approximation on a high order of the fluctuation field. Note in this context that it is only the second and higher order npoint functions of the fluctuation field that drive the flow.
(2a) A second approach utilises the fact that the dynamics of the system is carried by the correlation functions of the fluctuation field. This is also reflected by the fact that the system of flow equations for the fluctuation correlations is closed. Consequently one may solve these flows for a specific background metric that facilitates the computation, e.g. the flat background. Then, background correlations are computed within an expansion or extension about the flat background in order to access the physical background that solves the quantum EoM. This strategy has been set-up and pursued in [3] [4] [5] [6] [7] [8] [10] [11] [12] [13] [14] for gravity, also guided by successful applications in non-Abelian gauge theories, see e.g. [89] [90] [91] [92] [93] . At present, fluctuation correlations up to the four-point function have been included [11] , as well as a full fluctuation effective potential [14] . First results in a Taylor expansion of the background about a flat one have been presented in [12] .
(2b) A third approach avoids the latter step of extending the results to physical backgrounds by computing instantly the flow equations for the fluctuation correlation functions for general backgrounds. This has been investigated in [18] [19] [20] [21] . As in the other approaches, the background field approximation has been used for higher correlation functions. At present, this holds for all correlation functions beyond the one-point function of the fluctuation field.
III. GENERAL FRAMEWORK
In the present work we develop an approach in the class (2b). The present work does a qualitative step towards background independence and diffeomorphism invariance in asymptotically safe gravity by computing fluctuation correlation functions up to the three-point function as well as the full f (R)-potential of the background field. As already mentioned in the introduction, we compute the fixed point potential f * (R) for k → ∞ but the present approach also allows for its computation in the physical limit k → 0. This potential certainly has interesting applications in cosmology. The interplay of asymptotically safe gravity and cosmology is investigated in e.g. [75, , and we hope to add to this in the near future.
The present approach is built on the vertex expansion setup to quantum gravity put forward in [3] [4] [5] [6] [7] [8] [10] [11] [12] [13] [14] . However, instead of expanding about the flat background, we consider for the first time coupling constants of the dynamical graviton field as arbitrary functions of the background curvature. We restrict ourselves to spherical backgrounds. A key point for this is the construction of an approximate momentum space, which allows us to utilise the previously developed techniques of running metric correlators in momentum space. With the resulting curvature-dependent dynamical couplings we find viable ultraviolet fixed point functions for all curvatures of the spherical background considered. Interestingly these fixed point functions of the effective couplings are almost curvature independent: the couplings try to counterbalance the explicit curvature dependence and thus try to keep the fixed point curvature independent. The fixed point functions provide further evidence in favour of the asymptotic safety scenario.
A. FRG and Nielsen identities for gravity
In order to compute correlation functions in quantum gravity we utilise the FRG approach to gravity [2] . In this approach the functional integral involves a momentum dependent mass function R k , which acts as an infrared regulator suppressing momenta p 2 k 2 relative to the cutoff scale k. This leads to a scale-dependent effective action Γ k [ḡ, φ], which includes contributions from high momentum fluctuations. Here the dynamical metric g µν =ḡ µν + √ Z h G N h µν is expanded around a nondynamical background metricḡ with the fluctuations h. The fluctuation field is rescaled with Newton's coupling such that it has the standard mass-dimension one of a bosonic field. In this work we utilise a linear metric split and we restrictḡ to spherical backgrounds. Combined with ghost fields c,c we denote the fluctuation super-field φ = (h, c,c). The scale-dependence of Γ k is then dictated by the flow equation [77] [78] [79] ,
with the graviton and ghost regulators R h,k and R c,k respectively. The regulator terms are diagonal (symplectic) in field space, hence the diagonal graviton and (symplectic) ghost propagators, G hh,k and Gc c,k , read
with the general one-particle irreducible correlation functions given as derivatives of the effective action,
In (1) we have introduced the derivative with respect to the RG time t = log k/k in where k in is a reference scale, usually taken to be the initial scale. The trace implies integrals over continuous and sums over discrete indices. An important issue in quantum gravity is the background independence of physical observables. They are expectation values of diffeomorphism invariant operators, and hence do not depend on the gauge fixing. Examples for such observables are correlations of the curvature scalar. Another relevant example is the free energy of the theory, − log Z[ḡ, J = 0], with δZ[ḡ, J = 0]/δḡ = 0. These observables cannot depend on the choice of the background metric, which only enters via the gauge fixing. The latter fact is encoded in the NI for the effective action: The difference between background derivatives and fluctuation derivatives is proportional to derivatives of the gauge fixing sector,
where S gf is the gauge fixing term and S gh is the corresponding ghost term, and h µν = ĥ µν . Note that (4) 
depends on the Vilkovisky connection. The NI then reads
where C(ḡ, h) is the expectation value of the (covariant) derivative of h(ḡ, g), for a discussion in the present FRG setting see [15, [82] [83] [84] . The NIs, (4) and (5), entail that in both cases the effective action is not a function of g =ḡ + h or g = g + f (ḡ, h) respectively. This property holds for general splits, and prevents the simple expansion of the effective action in terms of diffeomorphism invariants. Apart from this disappointing consequence of the NIs, it also entails good news: the effective action only depends on one field as background and fluctuation derivatives are connected.
An important property that follows from background independence is the fact that a solution of the background equation of motion (EoM)
is also one of the quantum EoM,
see e.g. [93] for a discussion of this in Yang-Mills theories. In (6) and (7) we have already taken the standard choice h = 0 but the statement hold for general combinations g EoM (h) that solves either of the equations. The concise form (5) for the geometrical effective action makes it apparent that a solution of either EoM, (6) or (7), also entails a solution of the other one. Note that at h = 0 we have C(ḡ, 0) = 1. Even though less apparent, the same holds true for the effective action in the linear split: to that end we solve the quantum EoM (7) as an equation forḡ eom (h). As the current J in the generating functional simply is J = δΓ/δh, the quantum EoM implies the vanishing of J and the effective action is given by Γ[ḡ eom (0), 0] = − log Z[ḡ, J = 0], the free energy. However, we have already discussed that log Z[ḡ, 0] is background-independent and it follows that (6) holds.
The above properties and relations are a cornerstone of the background formalism as they encode background independence of observables. The NIs also link background diffeomorphism invariance to the Slavnov-Taylor identities (STIs) that hold for diffeomorphism transformations of the fluctuation field: the quantum deformation of classical diffeomorphism symmetry is either encoded in the expectation value of the gauge fixing sector or in the expectation value C(ḡ, h).
At finite k, the regulator term introduces a genuine dependence on the background field. Then log Z k [ḡ, 0] is not background independent. Consequently the STIs turns into modified STIs (mSTIs) and the NIs turn into modified NIs (mNIs). For the linear split, the mNI reads
see [80, 81] for details and [117] for an application to quantum gravity. Importantly the right-hand side of (8) signals the loss of background independence. It is proportional to the regulator and vanishes for k → 0 where background independence is restored. A similar violation of background independence linear in the regulator is present in the geometrical approach, see [15, [82] [83] [84] . In summary this leaves us with non-equivalent solutions to the EoMs in the presence of the regulator: a solution of the quantum EoM (7) does not solve the background EoM (6) . However, typically the asymptotically safe UV regime of quantum gravity is accessed in the limit k → ∞ as this already encodes the important scaling information in this regime. In the present paper we also follow this strategy and hence we have to deal with different solutions of background and quantum EoMs, if they exist at all. Note that the right-hand side of the mNI is simply the expectation value of the background derivative of the regulator term. Accordingly it is the background EoM that is deformed directly by the presence of the regulator while the quantum EoM feels its influence only indirectly. Therefore it is suggestive to estimate the physical UV-limit of the EoM in the limit k → 0 by the quantum EoM in the limit k → ∞.
Studies in asymptotically safe quantum gravity have focused so far on finding solutions to (6) . For instance in [116] they didn't find a solution to (6) in a polynomial expansion with the background field approximation. Other approaches with the background field approximation found a solution with the exponential parameterisation [118, 119] and within the geometrical approach [43, 49] . In this work we are for the first time able to disentangle (6) and (7) in a quantum gravity setting and look for separate solutions to the EoMs.
We disentangle the background and fluctuation field by expanding the scale dependent effective action around a background according to
The flow equations that govern the scale-dependence of the vertex functions are obtained by n field derivatives of the flow equation for the effective action (1). They are depicted in a diagrammatic language in Fig. 1 for cases n = 2 and n = 3. These flow equations are familiar from computations on a flat background [3, 5, 6, 11] , here however all propagators and propagators depend nontrivially on the background. From here on we drop the index k to improve readability, the scale dependence of the couplings, correlation functions and wavefunction renormalisations is implicitly understood.
B. Background independence in non-perturbative expansion schemes
It is important to discuss the relations of the approaches described in Sec. II in particular for future developments and the full resolution of physical background independence. This chapter extends a similar discussion from [11] in the context of modified STIs for diffeomorphism transformations to NIs. Despite its importance one may skip this chapter for a first reading as its results are not necessary for the derivations and computations presented in this work.
We have technically very different options to access physical background independence of quantum gravity. Seemingly they have different advantages and disadvantages. For example, approach (1) via the NIs has the charm of directly implementing background independence. In turn, the results of (2b) may apparently not satisfy the NIs.
For resolving this issue it is instructive to discuss approach (2a). There the fluctuation correlation functions are computed for a specific background. Results for general backgrounds have then to be obtained with an expansion/extension of the results for the specific background. This could be done via the NIs in which case background independence is guaranteed. This procedure for guaranteeing STIs and NIs has been discussed in detail in [120] in the context of non-Abelian gauge theories, and in [11] for gravity. We briefly repeat and extend the structural argument presented there: First we notice that the functional equations for all correlation functions can be cast in the form
Eq. (10) follows from integrating the functional renormalisation group equations for Γ (n,m) , which have precisely the same structure for all theories: the flows of Γ (n,m) are given by one-loop diagrams with full propagators and full vertices. The latter are given in terms of the correlation functions {Γ (i≤n , 2≤j≤m+2) }, see e.g. [83, 120] . This also entails that the lowest fluctuation correlation function that contributes to the diagrams is the two-point function, i.e. the propagator.
In gravity (10) follows straightforwardly from (1) by integrating the flow equation and takingḡ-and hderivatives. As a side remark we note that the order of derivatives on the right-hand side is different within other functional approaches. For example, for DysonSchwinger equations (DSE) the right-hand side DSE n,m for the Γ (n,m) depends on {Γ (i≤n,j≤m+r−2) } and contain up to r − 2-loop diagrams. Here r is the highest order of the field in the classical action, see e.g. [83] . In typical examples of renormalisable theories we have r = 3, 4, but in gravity we have r = ∞. This singles out the flow equation for gravity as the only functional approach that only connects a finite order of correlation functions in each equation. The coupling of the whole tower of equations then comes from the highest order correlation functions on the right-hand side. In turn, each DSE already contains all orders on the right-hand side of (10), that is 2 ≤ j without upper bound. Similar statements as for the DSE hold for 2PI or nPI hierarchies.
Importantly, for all functional approaches the righthand side of (10) goes only up to the same order of background metric derivatives, i ≤ n. This allows us to view (10) as functional relations for the highest order background metric correlation functions that have as an input {Γ (n−1,m) }. Moreover, the NI relates a derivative w.r.t.ḡ to one w.r.t. h. For emphasising the similarities to the functional relations (10) we rewrite the NI. For simplicity we use the linear split NI, (4) and (8),
where N stands for the expectation value in (4), and additionally for the regulator loop in (8), and we have singled out the propagator G for elucidating the orders of the correlation functions on both sides. Importantly, (11) makes the fact apparent that for the NI, (4) and (8), the order of background derivatives is at most n − 1. Note also that (11) is nothing but the difference of the Dyson-Schwinger equation for h andḡ derivatives. In this difference the terms with the higher vertices with j ≥ m + 2 drop out. In summary this leaves us with two towers of functional relations. While the first one, (10) describes the full set of correlation functions, the second one, (11) can be used to iteratively solve the tower of mixed fluctuationbackground correlations on the basis of the fluctuating correlation functions {Γ (0,m) }. In both cases we can solve the system for the higher-order correlations of the background on the basis of the lower order correlations. If we use (11) with an iteration starting with the results from the flow equation for {Γ (0,m) [ḡ sp , h]} for a specific backgroundḡ sp , this closure of the system automatically satisfies the NI. Accordingly, any set of fluctuation correlation functions {Γ (0,m) [ḡ sp , h]} can be iteratively extended to a full set of fluctuation-background correlation functions in an iterative procedure. Note that this procedure can be also applied to the case (2b).
While this seems to indicate that satisfying the symmetry identities is not relevant (it can be done for all inputs), it points at a more intricate structure already known from non-Abelian gauge theories. To that end let us assume we have derived a global unique solution of all correlation functions within this iterative procedure starting from the fluctuations correlation functions. If no approximation is involved, this solution automatically would satisfy the full set of functional relations for {Γ (n,m) } that can be derived from the flow equation. However, in the presence of approximations these additional functional relations represent infinite many additional constraints on the iterative solution. These constraints are bound to fail in generic non-perturbative approximation schemes as any functional relation triggers specific resummations in given approximations. It is a priori not clear which of the functional relations are more important. Note also that typically the iterative solutions of the symmetry identities are bound to violate the locality constraints of local quantum field theories that are tightly connected to the unitarity of the theory. In conclusion it is fair to say that only a combination of all approaches is likely to provide a final resolution of physical background independence and diffeomorphism invariance in combination with unitarity.
IV. VERTICES IN CURVED BACKGROUNDS
This section contains technical details about the construction of an approximate momentum space and the vertex flow equations on curved backgrounds. If one is not interested in these details, one may proceed to Sec.V.
A. Spectral decomposition
We extend our previous expansion schemes about the flat Euclidean background to one that allows for arbitrary constant curvatures. To that end we first discuss the procedure at the example of the propagators: propagators for non-trivial metricsḡ with constant curvature can be written in terms of the scalar Laplacian ∆ḡ = −∇ 2 and curvature terms proportional to the background scalar curvatureR,
For the flat metric (12) reduces to G(p 2 , 0), where p 2 are the continuous spectral values of the flat scalar Laplacian.
In a spectral basis the propagator is diagonal and reads for general curvatures
and λ = p 2 are the discrete or continuous eigenvalues for the given metric, and {|ϕ λ=p 2 } is the orthonormal complete basis of eigenfunctions of the scalar Laplacian
see App. A for explicit expression for the propagator. The tricky part in this representation are the vertices, which are operators that map n vectors onto the real numbers. For example the three-point function can be written in a spectral representation in terms of an expansion in the tensor basis with eigenfunctions of ∆ḡ,
where the spectral values in general also depend on the curvature and runs over discrete or continuous spectral values. Also, may also include a non-trivial spectral measure weight µ(λ). The representation of the higher n-point functions follows straightforwardly from (15) . Inserting this into the flow equation of the inverse propagator, we arrive at
where we denotedṘ k = ∂ t R k . The vertex functions Γ (n) are complicated functions of λ i . On a flat background, the eigenfunctions of the Laplace operator are also eigenfunctions of the partial derivatives and the representation of the vertex functions follows trivially. On a curved background, however, the covariant derivatives do not commute with the Laplace operator and the representation of uncontracted covariant derivatives on the set of functions {|ϕ λ=p 2 } is complicated. One could tackle this problem with e.g. offdiagonal heat-kernel methods, but then a derivative expansion in momenta and curvature is necessary [12] .
In this work we construct an approximate momentum space on a curved background, which facilitates computations considerably and allows for full momentum and curvature dependences. In order to derive the vertex functions, we first take functional derivatives with respect to the Einstein-Hilbert action on an arbitrary background. The result is a function depending on the Laplacian, products of covariant derivatives with respect to coinciding or different spacetime points and explicit curvature terms. In the expression for the vertex functions we symmetrise all covariant derivatives, which produces furtherR-terms
In the curved momentum space approximation here, the product of symmetrised covariant derivatives acts on the set {|ϕ λ=p 2 } according tō
with an integration measure 1 − sin 2 θ d cos θ. The integration measure is chosen such that in the limit R → 0 precisely the flat results are obtained. As a consequence, in this approximation factorises into an angular integration and a sum/integration over the spectral values of ∆ḡ. According to (18) , external spectral values are described by the angle to the internal one and their absolute values, which appear as parameters that can be treated as real numbers. We emphasise that this curved momentum space approximation has the correct flat background limit by construction and is correct for all terms that contain only Laplace operators. A comparison of the approximation as a function of the background curvature is detailed in App. C. With the above approximation associated with covariant derivatives, we arrive at a relatively simple flat-background-type representation of the flow equation in terms of angular integrals and spectral values p
The totalR-dependence of the flow equation enters via the explicitR-terms in the vertex functions, the symmetrised covariant derivatives and the spectral values. The generalisation to flows of higher-order vertex functions is straightforward.
B. Vertex construction
The basic ingredients in the flow equations in Fig.1 are the vertex functions Γ (n) . We build on the parameterisation for vertex functions introduced in [5, 6, 11, 121] . In contrast to earlier truncations with vertex expansions around a flat background, all quantities exhibit explicit R-dependence. Hence, our general ansatz is given by
where p = (p 1 , . . . , p n ) is the collection of spectral values of the external legs and S EH is the gauge-fixed EinsteinHilbert action
We employ a De-Donder-type linear gauge condition in the Landau limit, α = β = 0. In (20) the Newton's constant and the cosmological constant of the classical gauge fixed Einstein Hilbert action are getting replaced with G n (R) and Λ n (R), respectively. They parameterise the gravitational coupling and the momentum-independent part of the n-point function. Note that the graviton n-point function in (20) 
The wavefunction renormalisation is in general momentum and background-curvature dependent, Z h = Z h (p 2 ,R). The propagator is a pure function of ∆ḡ andR, while the vertices with n > 2 are functions of ∆ḡ,∇ µ ,R,R µν andR µνρσ . Restricting ourselves to a background sphere, the dependence on the Ricci-and the Riemann-tensor reduces to a dependence on the constant background curvatureR. With the approximation constructed in the last section, we deal with the covariant derivatives∇ µ in the vertices. We set the anomalous dimensions
throughout this work equal to zero. In the flat computation [6, 11] this approximation led to qualitatively reasonable results. The graviton three-point function is evaluated at the point of symmetric spectral values,
We also introduce the dimensionless variables
From the graviton two-point function we extract the mass-parameter µ(r), while from the graviton three-point function we extract the gravitational coupling g(r) and the coupling of its momentum independent part λ 3 (r). In App. B we give a derivation and display the flow equations. In summary the set of couplings in the present truncation is given by (g(r), µ(r), λ 3 (r)) .
C. Flow equations and trace evaluation
With the construction presented in the last sections, we are left with an explicit expression for the flow of the two-and the three-point function. The flow of the twopoint is of the form (19) and the three-point function has a similar form according to the diagrammatic representation in Fig. 1 . After projection the resulting flow equations take the form (B5) and (B6). In this work we are interested in the fixed point equations, which are differential equations with respect to r due to the dependence on the background curvature. According to the factorisation property of the approximate curved momentum space construction, we evaluate the angular integration in a straightforward manner in complete analogy to a flat background computation. We are then left with the evaluation of traces of the form
for functions of the curvature r and the spectral value λ as well as the couplings. In order to include the effects of the background curvature we perform a spectral sum over a four-sphere. On a four-sphere the spectrum of the scalar Laplacian is given by
with multiplicities
with taking integer values ≥ 0. Since we are left with only scalar spectral values we replace the spectral values by
and replace
where the exact sum is achieved for max = ∞ and we divide by the volume of a four sphere V = 384π 2 k 4 r 2 . Note, that we exclude the zero modes and start the spectral sum at = 2. This does not affect the result for small curvature r. Performing the spectral sums one then obtains the traces. However, in most cases a closed form for the sums cannot be obtained and we have to resort to cutting the spectral sums off at a finite value max . Nonetheless since each trace involves a regulator function that cuts modes off at order ω( ) ≈ k 2 for non-zero r the spectral sum is only sensitive to the modes ω( ) < k 2 , which are finite in number. However, in the limit of vanishing curvature the spectral sum needs to be extended to infinite order, as all modes are only regulator suppressed for large r according to exp(−λ n r), but become important once r ≈ 1/λ n . In fact, we need the limit r → 0 in order to set the boundary conditions of the fixed-point differential equations. It is obvious that there is only one physical initial conditions that fixes the solution of the fixed point differential equation uniquely, and that is the initial condition obtained from the flat background limit. In fact, a proper initial condition is also necessary from a mathematical point of view if one requires a finite derivative, g (r) < ∞. One infers from (B5) and (B6), that the derivative of g(r) diverges in the limit r → 0 if the initial conditions are not chosen appropriately. However, as argued above, this limit cannot be calculated in practice with spectral sums as all modes contribute. In the small-curvature region the trace is evaluated by the early-time heat-kernel expansion where the leading order gives the flat-background momentum integrals. In this case we write the Laplace transform
and one expands the trace of the heat kernel in the scalar curvature r and the explicit dependence on r coming from f (s, r). For small curvature the early-time heat-kernel expansion is given by
where for n > 0
Using this heat-kernel expansion we translate the physical initial condition to finite r where we connect to the spectral sum. In particular we determine the curvaturedependent couplings as polynomials in the curvature r.
The heat kernel provides the asymptotic limit r → 0 which can be reproduced by the spectral sum in the limit max → ∞. Thus, while the spectral sum with finite max captures the large r behaviour of the trace, the heat kernel expanded to a finite order in r captures the small r behaviour. Both connect smoothly for finite but small r, for details see App. D.
V. RESULTS
In this section we present the results of the given setup. First, we discuss the fixed point solutions of the beta functions related to the fluctuation field couplings. In our approach with curvature-dependent couplings, these solutions are fixed point functions. Subsequently, we analyse the background effective potential, which is calculated on the solution of the fluctuation field fixed point solution, with and without Standard Model matter content. Last we look for solution of the quantum EoM and compare to solutions of the background EoM. Fixed point function solution for the system (g * (r), µ * eff (r), λ * 3,eff (r)) with the boundary condition from the first-order heat kernel. The solutions are stable in the whole investigated region. Note, that the effective couplings according to (37) are displayed.
A. Fixed point solutions
The beta functions for a coupling g i (r) in the present framework are partial differential equations. Schematically, the equation a coupling g i takes the form (34) with a coefficient A that depends on the other scaledepend parameters g j . For explicit expressions we refer to appendix B. The fixed point equations are then obtained by setting ∂ t g i (r) ≡ 0 and we are left with a system of ordinary differential equations. The initial condition is imposed at r = 0 and is chosen such that it matches the computation in a flat background [6] . 
with the critical exponents θ, which are the negative eigenvalues of the stability matrix,
These values differ slightly from the ones in [6] since we use the gauge parameter β = 0 and the exponential regulator, see (A5). Taking this difference into account, the agreement is remarkable and highlights the insensitivity of our results with respect to the gauge and the regulator. In order to display our results, it is convenient and meaningful to introduce effective couplings that include the explicit r dependence in the respective graviton npoint functions. According to (A6) and (B6), these are given by corresponds to a pure Einstein-Hilbert computation. Here we find a minimum at r0 = 0.97.
The interpretation and relevance of these effective couplings can be inferred for instance from the graviton two-point function. In terms of µ eff (r), the transversetraceless part of the graviton two-point function reads
i.e. it comprises the non-kinetic part of the correlator. As an aside, we mention that one could define λ 3,eff alternatively via (B5). The difference between the effective coupling for λ 3 in (B6) and (B5) arises from the different tensor projections. We choose to define λ 3,eff via (B6) since the flow equation for g is more important in this system. The full, r-dependent fixed point solutions (g * (r), µ * eff (r), λ * 3,eff (r)) are displayed in Fig. 2 . We find a fixed point solution with all desired properties. First of all, the fixed point solution is characterised by a positive gravitational coupling g(r) > 0, which decreases towards larger background curvatures. In order to get a feeling for the physical meaning of this behaviour, we consider the quantity G(R)R = g(r)r, i.e. the dimensionful Newton's coupling times the curvature. As this product is dimensionless, it can in principle be used to define an observable. In particular, we expect that this quantity is finite at the fixed point, which implies g * (r) ∼ 1/r. One might interpret our fixed solution g * (r) as an onset of such a behaviour. The solutions for the mass-parameter µ eff (r) and λ 3,eff (r) are almost curvature independent, which implies that the implicit curvature dependence cancels with the explicit one. Consequently, the behaviour is not so different from the one of the computation on a flat background.
The full solution shown in Fig. 2 can be expanded in powers of the dimensionless curvature, g *
. The zeroth order is displayed in (35) and to linear order in r we find 
with the critical exponents θ given by
We find two further UV attractive directions in the linear order of the background curvature. Further attractive directions of the UV fixed point that are linear in the background curvature were also found in [12] .
B. Background potential
In the previous section we have presented the fixed point solution for the fluctuation field couplings. All background quantities depend on these dynamical couplings and have to be evaluated on the above solution. Along these lines we calculate a background field potential at the fixed point. The flow of the background potential is completely determined by the dynamical couplings of the two-point function. In particular, the background flow equation reads
On a sphere, the background effective action is given by
Denoting the right-hand side of (41) by F(r, µ(r)) we obtain a flow equation for the function f (r) given by If we then look at the fixed point for f * (r) we find
One then notes that the left-hand side is just the background EoM for f (r)-gravity on a constant curvature background. Thus when the function F(r, µ * (r)) vanishes we have a solution to the background EoM at the fixed point given by
Equivalently we can look for a minimum of the function f (r)/r 2 . In Fig. 3 we plot the background potential f (r)/r 2 for our full solution (left panel) as well as in comparison with other approximations (right panel). There we use µ * eff (r) = µ * 0 and µ * (r) = µ * 0 as given in (35) . The first is seen to be a good approximation from Fig. 2 while the latter reduces our computation to an Einstein-Hilbert approximation. We observe that in the full solution and in the µ * eff (r) = µ * 0 approximation there are no solutions to the background EoM within the investigated curvature regime. This absence of a constant curvature solution is in agreement with studies of f (R) gravity in the background field approximation [116] , although solutions have been found in calculations exploiting the exponential parameterisation [118, 119] and within the geometrical approach [43, 49] . For the approximation µ * (r) = µ * 0 , which corresponds to a pure Einstein-Hilbert computation, we find a minimum at r 0 = 0.97. This is again in agreement with computations in the background field approximation [122, 123] .
In a polynomial expansion around r = 0 the background potential of the full solution would take the form
and consequently we obtain fixed point values of the background Newton's coupling and the background cosmological constant according tō
Note thatλ = 1 2 is not a pole in our computation: the pole is only present in the graviton mass parameter µ(r).
Surprisingly the fixed point value ofḡ
* is rather large. We compare these values with the pure Einstein-Hilbert approximation, see blue dashed line in Fig. 3 . We find
and consequentlȳ (35), is far away from the value where the solution appears. Thus we conclude that the absence of a minimum in the background potential in our full pure gravity computation is rather stable with respect to changes in the truncation.
Dependence on matter
Matter can potentially have a significant influence on the properties of the UV fixed point, see e.g. [7, 13, 59, Depicted is the fixed point background potential if Standard Model matter content is included. In the full solution as well as in the Einstein-Hilbert solution we find a minimum at small background curvature, r0 = 0.11 and r0,EH = 0.05, respectively, which corresponds to the solution of the background equation of motion. [63] [64] [65] . In the present work matter influences the existence of a minimum in the background potential in two ways: On the one hand it has an influence on the fixed point values of the fluctuation couplings, where in particular the influence on µ * eff (r) is important. On the other hand it has a direct influence on the background potential via the background matter loops. Both these effects have been studied in a fluctuation computation on a flat background, see [7] for scalars and fermions and [13] for gauge bosons. Consequently we adapt the analysis to curved backgrounds under the assumption that the effective graviton mass parameter µ eff (r) remains a almost curvature independent in these extended systems, similar to the results displayed in Sec. V A.
Combining the results of [7] and [13] for Standard Model matter content (N s = 4, N f = 22.5, and N v = 12) gives a UV fixed point at
and will be reported in [124] . For the present analysis only the value µ * 0,SM is important since we now use µ * eff (r) = µ * 0,SM as an input for the background potential. The matter content seemingly pushes µ * eff in the wrong direction, cf. Fig. 4 . However, the matter content has also a huge influence on the background equations. The combined result is displayed in Fig. 5 . Indeed we find a minimum in the background potential at small curvature, r 0 = 0.11. Also in the Einstein-Hilbert approximation, i.e. µ * (r) = µ * 0,SM , we find a minimum at r 0,EH = 0.05. With Standard Model matter content the full solution and the Einstein-Hilbert approximation are very similar. This comes as a surprise as the difference was rather significant without matter content, cf. Fig. 3 . 
C. Quantum equation of motion
In this section we evaluate the graviton one-point function and thus look for solutions to the quantum EoM (7). As discussed in Sec. III A the solution to this equation leads to self-consistent backgrounds that improve the convergence of the Taylor series. Moreover, it has been also argued there that the quantum EoM in the limit k → ∞ should be seen as an estimate for the solution of the UV EoM in the physical limit k → 0 where background and quantum EoM agree due to background independence.
Within the present setup the only invariant linear in the fluctuation field is given by f 1 (r)h tr with some function f 1 that is determined by the fluctuation couplings. An invariant linear in the transverse traceless mode does not exist due to our restriction to a spherical background and thus the absence of terms like r µν h tt µν . Consequently we evaluate (7) with a projection on the trace mode of the graviton.
In straight analogy to the background EoM (42) we parameterise the one-point function by
We denote again the right-hand side by F 1 (r, µ(r)). This time, however, we obtain at a different differential equation for f 1 due to the different mass-dimensions ofḡ and h. Thus f 1 obeys the fixed point equation
We solve this equation with the initial condition that f * 1 (r) is finite at r = 0. Consequently we combine a heat kernel expansion around r = 0 up to the order r 3 with a spectral sum evaluation for large, positive curvature. For results at negative curvature we rely on the heat kernel expansion, but from a comparison of the heat kernel results with the spectral sum at positive curvature we can estimate the radius of convergence of the heat kernel. We estimate the latter by the range where the relative change is in the sub percent regime. We find that the radius of convergence is approximately given by r conv ≈ 1. The radius of convergence increases for larger µ * eff (r). The resulting fixed point functions f * 1 (r) are shown in Fig. 6 . For our best result µ * eff (r) = µ * 0 = −0.38, f * 1 (r) has a root at negative curvature, r 0 = −1.0, which corresponds to a solution to the quantum EoM. The result lies within the radius of convergence of the heat-kernel expansion and thus we consider it trustworthy.
We again check the stability of the solution by treating µ * eff (r) as a constant free input parameter. For more positive values, µ * eff > µ * 0 , the root of f * 1 (r) moves towards larger curvature, but always remains negative. In the limit µ * eff → ∞ the root is located at r 0 = −0.42. We have visualised the existence of a solution to the background and quantum EoM in Fig. 7 . The quantum EoM has almost always a solution, only in the range −0.71 < µ * eff < −0.62 no solution exists. This range may even disappear with better truncations or an improved computation at large negative curvature. The background EoM on the other hand only allows for a solution for µ * eff > 0.26, and thus in a region that is very unusual for pure gravity computations.
VI. SUMMARY AND OUTLOOK
In this work we have developed an approach to asymptotically safe gravity with non-trivial backgrounds. As a first application of the novel approach we computed the f (R)-potential and discussed solutions of the equations of motion.
We have also given a discussion of functional approaches to quantum gravity that take into account the necessary background independence of the theory. We have discussed, for the first time in quantum gravity, that background independence and diffeomorphism invariance can be achieved iteratively in any approximation scheme, based on a similar argument in non-Abelian gauge theories, see Sec.II. We have also emphasised the relevance of aiming for solutions that satisfy all functional relations. We have argued that this is tightly bound to the question of unitarity.
The approach is based on a vertex expansion of the effective action about non-trivial backgrounds, which at present are restricted to constantly curved backgrounds. Our explicit results are based on a truncation that includes the flow of the graviton two-and three-point function and thus the couplings g, λ 3 , and µ. The construction of an approximate momentum space, cf. (18) , allowed us to evaluate these couplings without a derivative expansion in momentum p or curvature r. In this work we focused on the curvature dependence and thus all couplings are functions of the curvature, g(r), λ 3 (r), and µ(r). The flow equations for these coupling functions were obtained with spectral sums on a sphere. The results are smoothly connected to known results at vanishing background curvature with heat-kernel methods.
As one main result we found UV fixed point functions that confirm the asymptotic safety of the present system. Interestingly, the effective fixed point couplings, λ * 3,eff (r) and µ * eff (r), cf. (37) , turned out to be almost curvature independent over the investigated range: the couplings counterbalance the explicit curvature dependence of the n-point functions.
We have also discussed the background and the quantum equation of motion, (6) and (7), in Sec.III. At k = 0, their solutions agree due to background independence. In turn, at finite k the solutions to background and quantum equations of motion differ due to a regulator contribution to the modified Nielsen identity. This signals the breaking of background independence in the presence of the cutoff. We have argued in the present work that at finite cutoff it is the solution of the quantum equation of motion that relates directly to the physical solution of the equation of motion at vanishing cutoff.
We explicitly evaluated both equations of motion with the UV fixed point functions and indeed found different solutions: The background equation of motion does not feature a solution. Only with Standard Model matter content a solution at small curvature is present. The quantum equation of motion exhibits already a solution at negative curvature without any matter content. We have checked the stability of these statements by scanning for solutions in the parameter µ * eff . The background equation of motion without matter features a solution only for very large values of µ * eff , far away from most values observed in pure quantum gravity truncations. On the other hand the quantum equation of motion has a solution for almost all µ * eff . This indicates that the existence of a solution seems to be robust with respect to changes in the truncation. We have visualised this behaviour in Fig. 7 .
The discussion of the equation of motion leads us directly to a specific observable: the effective action, evaluated on the equation of motion. In standard quantum field theories this is the free energy, and it is gauge and parameterisation independent. For the present approach this is discussed in Sec. III A. We therefore expect only a mild dependence on these choices within sensible approximations to the full effective action. Indeed, this has been observed in the background field approximation [125, 126] . It would be interesting to see whether this property is also holds in the present approach that goes beyond the background field approximation. At finite cutoff this investigation can be done by studying the gauge and parameterisation independence of the effective action evaluated on the quantum equation of motion. This will be discussed elsewhere.
Possible improvements of the present work involve the inclusion of momentum-and curvature-dependent anomalous dimensions as well as the inclusion of further R 2 -and R 2 µν -tensor structures in the generating vertices. It would be very interesting to extend the present work to more general backgrounds. Moreover, the present approach also allows us to take the limit k → 0. This allows us, for the first time, to directly discuss asymptotically safe physics directly for the physically relevant cutoff scale k = 0. Applications range from asymptotically safe cosmology with the quantum f (R) potential as well as the UV-behaviour and phenomenology of the asymptotically safe (extensions of the) standard model. We hope to report on these applications in the near future.
and for the ghost by
and analogously for the anti ghost. With the field redefinitions according to [24, 44, 51] 
we cancel the non-trivial Jacobians and achieve that all field modes have the same mass dimension. We choose the gauge α = β = 0 and choose the regulator proportional to the two-point function
Here and in the following in this appendix, p 2 always refers to the dimensionless spectral values of the scalar Laplacian. For the regulator shape function r k , we choose an exponential regulator
The propagator has the form
where the first entry is the transverse traceless mode and the third entry is the trace mode. All other modes vanish due to Landau gauge, α = 0. Furthermore, we get the following expressions for the background flow of the different graviton modes, where still the spectral sum/integral or heat-kernel expansion has to be performed, 
FIG. 8.
Comparison of the trace evaluation using different Laplacians and starting with different eigenvalues. In particular we compare the spin-two Laplacian ∆2 and the spin-zero Laplacian ∆0 and further we start once from the zero mode and once start from the l = 2 mode. In the left panel we display the background flow Tr [G∂tR] of the combined transverse traceless and trace mode, where also the exact solution is computed. In the right panel we display the self-energy diagram of the two-point function, which is the second diagram in Fig. 1 . From these results we infer that this particular approximation is qualitatively reliable in the range r < 2.
And for the ghosts
Appendix B: Flow equations
The flow equation for the transverse traceless part of the graviton two-point function is given by
Here we suppressed the dependences of the couplings on e.g. background curvature r or spectral values p 2 to improve readability. All dependences are as in Sec. IV B. The expression Flow is used as in [11] and stands here and in the following for the dimensionless right-hand side of the flow equation divided by appropriate powers of the wave-function renormalisations. The superscript specifies the n-point function, while the subscript refers to the tensor projection.
From (B1) we obtain the flow equation for the transverse traceless graviton mass parameter
where the refers to a derivative with respect to r. The graviton three-point function is projected in straight analogy to the flat computation [6] . We focus on the transverse traceless part and define the two projection operators Π Λ and Π G as
which we use for the projection on λ 3 and g, respectively.
The resulting flow equations are
r − 9 4096 r. Both fixed point functions show only a small dependence on the initial condition. All initial conditions are determined by g * i (rstart) = g * i,0 + rstart g * i,1 , where the zeroth and linear order in r of the couplings are given by (35) and (39) .
The flow of λ 3 is extracted at vanishing spectral value p 2 = 0, while the flow of g is extracted with a derivative with respect to the dimensionless spectral value p 2 at p = 0. The result is
The derivation of the flow equations in this section required contractions of very large tensor structures. These contractions were computed with the help of the symbolic manipulation system FORM [127, 128] . We furthermore used the Mathematica packages xPert [129] for the generation of vertex functions, and the FormTracer [130] to trace diagrams.
Appendix C: Check of approximations
In Sec. IV A we have explained that all vertices in a curved background contain uncontracted covariant derivatives. We have circumvented this issue by using the approximation displayed in (18) . This problem reoccurs during the contraction of the diagrams, since the usual York-decomposition projection operators Π i are needed, with i ∈ {tt, tr, . . . }. The projection operators are functions of the background Laplacian and the background covariant derivative Π i (∆,∇), where the latter covariant derivatives are again approximated by (17) and (18) . This however causes us to mix up the different spin Laplacians, spin-two ∆ 2 and spin-zero ∆ 0 . Other Laplacians do not occur since the graviton propagator only has a non-vanishing transverse traceless and trace mode. In the this work we choose to use the spin-zero Laplacian.
For the background flow this mixing of Laplacians does not occur since the propagator is not a function of the covariant derivative. Hence we use the background flow to estimate the error of our approximation. Here we focus on the transverse traceless and the trace part since these are the relevant modes in the fluctuation computation. The exact result with our regulator is given by 
Here max is chosen such that the trace is fully converged in the investigated curvature range and the factors 5 and 1 5 appear due to the five transverse traceless modes compared to the one trace mode.
The results are shown in Fig. 8 in the left panel. For small background curvature r all results agree qualitatively well. For large background curvature the difference is becoming more significant. This can be easily understood: in the exact result (C1) only the trace mode is equipped with a zero mode, while in the first approximation (C2) all modes are equipped with a zero mode. In contrast in the second and third approximation, (C3) and (C4), no mode is equipped with a zero mode. The zero modes dominate for large curvature and thus it is clear that the approximation fails in this regime.
In other words, the symmetrised products of covariant derivatives in the projectors are effectively commuting in our approximation. The transverse traceless projection basically traces out the degrees of freedom of the transverse traceless mode and leaves us with a scalar quantity. With this approximation, there is an ambiguity related to the Laplace operator, which can be chosen as the spin-zero or spin-two Laplacian. As already mentioned we choose to use the spin-zero Laplacian without zero modes, i.e. approximation (C3).
In the right panel of Fig. 8 we compare these different choices for one particular diagram of the graviton twopoint function, where the exact result is not available within our truncation. We observe that the results are almost identical for small curvature, i.e. r < 2. For r > 2 the results differ qualitatively due to the different treatment of the zero modes. We conclude that the validity of our approximation is bound by r < 2.
Appendix D: Insensitivity on initial conditions
As explained in Sec. IV C we have to give initial conditions to the beta function since they are the first-order linear differential equations. In principle the initial condition has to be given at vanishing curvature r = 0 since there are the divergences of the differential equations. However the spectral sum converges only point wise and the number of modes that have to be included grows exponentially towards r → 0. Consequently we give the initial conditions at some finite r start that should be close to r = 0. The value there is obtained by expanding the heat kernel expansion (32) . One can then check that the spectral sum and heat kernel agree in the small background curvature regime where both methods converge [122, 123] . In this appendix we discus the sensitivity of the fixed point functions to the choice of r start .
The initial condition for some coupling g i is determined from the zero and first order of the heat-kernel expansion around r = 0, i.e. by g * i (r start ) = g * i,0 + r start g * i,1 where g * i,0 and g * i,1 are determined by the heat-kernel computation and the solutions are displayed in (35) and (39) . On the one hand the quality of this initial condition gets worse for large r start since this is a linear approximation of the curvature dependence of the couplings. On the other hand the quality also gets worse for too small r start since we are too close to the singularity at r = 0. Consequently we have to find a region in between where the fixed point functions for the couplings are stable against small variations of r start .
From the chosen r start we integrate the differential equations upwards to large r. Integrating down would quickly run into into the singularity at r = 0. In Fig. 9 we display the resulting fixed point functions for g * (r) and µ * eff (r) for different choices of r start ∈ {0.01, 0.03, 0.05, 0.07}. We observe that the fixed point functions for g * (r) (left panel of Fig. 9 ) agree almost perfectly for all chosen start values. Only for r start = 0.01 we observe a tiny deviation. For the fixed point functions of µ * eff (r) (right panel of Fig. 9 ) we observe larger, but still small deviations. Again for r start = 0.01 the deviations are the largest. We conclude that the this start value is too close to the singularity at r = 0. The results in this work were computed with r start = 0.03.
